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SOLUTION OF THE MIXED BOUNDARY VALUE PROBLEM OF HEAT CONDUCTION 
IN A COMPOSITE RE CTANGLE 
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The author offers a particular solution of the two-dimensional problem 
of steady heat conduction for a rectangular region composed of two 
different materials with mixed boundary conditions. 

The fo l lowing p r o b l e m  a r i s e s  in  c o n n e c t i o n  wi th  
the p r o b l e m  of s t eady  hea t  conduc t ion  in  i n s u l a t i o n  
s y s t e m s  wi th  t h rough  incIus ions :  

a2ti + a~tl- = 0 ( - -  11 ~" X .~. 0 ) 
ax e Oy 2 \ 0 - ~ < g ~ R  , (1) 

o~G + a~t2 = o ( O ~ x < l ~ )  (2) 
Ox ~ O f  \ O ~< g ~< R 

with b o u n d a r y  condi t ions  at  y = 0 

tl = to = const (3) 
and 

t~ = to = const; (4) 

at y =R t h e r e  is hea t  t r a n s f e r  to a m e d i u m  at ze ro  
t e m p e r a t u r e  

at1 + hit 1 = O, (5) 
Og 

Ot--~L + h2t 2 = O; (6) 
Og 

at x = -  11 

at-! = o, (7) 
Ox 

a t x = l  2 

Ot~ _ 0 (8) 
Ox 

by v i r tue  of the s y m m e t r y  of the s e l ec t ed  e l e m e n t ;  
a t x = O  

and 

tl = to. (9) 

Otl Ot2 (10) 
~'~ 7 x  = ~'~ a-x-' 

i. e . ,  the t h e r m a l  con tac t  is idea l .  
To so lve  the p r o b l e m  we apply a F o u r i e r  s ine  

t r a n s f o r m a t i o n  with r e s p e c t  to y with f in i t e  l i m i t s  [1]. 
F o r  the  f i r s t  r e c t a n g l e  (1) 

R 

T1 (x, v~) = j" tl (x, b') sin % b, dg. 
0 

(11) 

For the t r ans fo rm,  d i f f e r en t i a l  equa t ion  (1) and c o n -  
d i t ion  (5) take  the  fo l lowing fo rm:  

d~'T1 v2n T1 = - -  % to, 
dx 

dT1 "1 
- ~ x  I x = - 5  = O. 

(12) 

(13) 

In  th i s  case  the vn a r e  roo t s  of the equa t ion  

h i = - -  V n cig v,  R. (14) 

The so lu t ion  of Eq~ (12) with cond i t ion  (13) wi l l  be  

T1 - -  to + B1 ch % (l 1 + x) 
v n shv n l 1 

(15) 

where  Bi is a c o n s t a n t  of i n t e g r a t i o n .  
By analogy 

T~--  to --B2 ch~x~(l~--x) 
~ sh bt~ 1~ 

(16) 

where  B 2 is  a cons t an t  of i n t e g r a t i o n ,  and Pn a r e  roo t s  
of the equa t ion  

h~ ~ -- ~ ctg ~ R. (17) 

The i n v e r s i o n  f o r m u l a  for  our  p r o b l e m  has  the  
f o r m  [1] 

t = -]7. sinv~g, 

and 
2 + h  2 1 

'V n 

2 + Rh ~ + h I~ t? v n 

(18) 

(19) 

Applying  the i n v e r s i o n  f o r m u l a ,  we ob ta in  the 
so lu t ion  for  r e c t a n g l e s  I and 2: 

oo 

~-~ t o sin % g 
tl 

n=l vn In1 @ 
o o  

V .  Bm. ch%(11+x)  s in% Y, + 
n = l  sh v n l I Int 

V .  to sinb~,!t te 
n=1 ~ Ins 

- - V  B=2 ch ~, (/2 - -  x) s i n ~ g  
X,,,,dn=l sh ~a 13 I ~  

(20) 

(21) 

It should be noted that  the  f i r s t  s e r i e s  in  (20)and 
(21) c an  be  r e p r e s e n t e d  in c losed  f o r m  [2]; then  

S - fl (g) = 
to sin g 
Yn "/nl 

---- to ,1 1 + h i R  R ' (22) 
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t o sin [i. y 

h~R g ) 
= t o 1 l + h . ~ R  R " 

(23) 

The solut ion for  the two r e c t a n g l e s ,  us ing con-  
di t ions (3)-(8) at the t h r e e  boundar ies  is  as follows: 

' ~  ch v~ (ll + x) sin % g 
tl h (v) + (24) 

n=t shv.  l~ 1,~a ' 

0o 

t2 = f ~ ( y ) - -  Z B~ ch [i~ (/2 - -  x) sinl%y (25) 
sh ~,, l~ 1.5 

The condit ion at the  boundary  x = 0 makes  it p o s -  
s ib le  to  d e t e r m i n e  the constants  Bnl and Bn~ f r o m  the 
s y s t e m  

Z ~n ~,, B,1 ~ sin v. y = 

n=l  

= s 2 B,,= 1~ sin I~. y, 
n=l  

co 

fl(Y) + 2 B~I cth % l___~1 sm % y = 
�9 */r~l n=l  

~.]B cth 1~ l= 
= f2 (Y) - -  ,~ - - -  sin p.,,y. 

1he 
rr 

(26) 

However ,  th is  l e a d s t o t h e  n e c e s s i t y  of de t e rmin ing  
the cons tants  Bn f rom an infinite s y s t e m  of infini te 
equat ions.  

To avoid this  diff icul ty,  we a s s u m e  that  the  t e m p e r a -  
tu re  d i s t r ibu t ion  at  the boundary of the two m a t e r i a l s  
(at x = 0) is  l inear .*  In this  case ,  by r e p r e s e n t i n g  the 
t e m p e r a t u r e  d i s t r ibu t ion  along the contac t  l ine in 
gene ra l  fo rm,  we can f o r m a l l y  r e g a r d  i t  as  spec i fy ing  
the boundary  condi t ions for  both r ec t ang l e s  at the 
boundary  x = 0, i . e . ,  we can a s s u m e  that  

then 

tx = f (V) = t2 = to (1 - -  by). 

q = / ~ ( Y ) +  ~ i[ f~(Y)--f(V)]sin~ydvx 
n=l  0 

c h  ~r (/1 + x)  sin % y 
x 

ch ~n ll I,~1 

G= f~(Y)-- 2 i [f2(Y)--f(Y)]sinlx,,ydy• 
n=l  0 

(27) 

(2s) 

* This a s sumpt ion  was based  on the r e s u l t s  of n u m e r -  
ous t e m p e r a t u r e  f ie ld ca lcu la t ions  by the f ini te  d i f -  
f e r ence  method on a compute r  and a MSM-1 and on 
the r e s u l t s  of expe r imen t s  on conduct ive pape r .  It may  
be a s sumed  with an a c c u r a c y  accep tab le  for  p r a e t i c l e  
ca lcu la t ions  that  at x = 0 the function t =f (y)  is  l i nea r .  

ch [i~ (l 2 - -  x) sin ~,~ y 
x- (29) 

ch V,~ 12 I ~  

In solut ion (28), (29) only the g rad ien t  r e m a i n s  
unde te rmined .  

The r e q u i r e m e n t s  of the boundary  condit ion on the 
l ine of contact  be tween the two m a t e r i a l s  with r e s p e c t  
to the hea t - f lux  equal i ty  (10) enables  us to de t e rmine  
the g rad ien t  

b = a th v~ l 1 sinv. R sin v~y + 
vn f,vl 

o o  

n~l  [i~ In~ 

X [Xl(l + h a R ) ~  t h , n l  1 s in%R sinvny 
n=l ~n Inl 

+ 

sinpnYln2 ]-1. (30) s i n  ~lIn R +~2(l+h~R) ~_j th~l~ 
n ~ l  ~ n  

Sat isfying condit ion (10) in t roduced a r e f inemen t  into 
assumpt ion  (27) and made it p o s s i b l e  to obta in  a 
method of d e t e r m i n i n g  the t e m p e r a t u r e  f ie ld  of the 
compos i t e  r ec tang le .  

Thus,  we f ina l ly  obtain 

~ l s i n  v,~ R tl = ( l ~ a l y ) + ( a l - - b ) ( l + h l R )  ~ • 
to = ~ 1.2 

• chv~(/1 + x) sinv~g, (31) 
ch v~ ll 

=(1 --a~y) + (a2--b)(1 + h~R) ~ sin~,~R • t A_2 
to 2 I n=l  [l n n2 

• ch [in (l, - -  x) sin V~ Y, (32) 
ch ~ l~ 

where  b is  found f rom (30). The roo t s  v n and #n a r e  
p r e sen t ed  in [3] (Table  71). 

The solut ion for  each reg ion  is an a l g e b r a i c  sum. 
One t e r m  is the so lu t ion  for  the co r r e spond ing  infinite 
p la te ,  whi le  the  second e x p r e s s e s  the flow of heat  
along the heated s u r f a c e  due to contact  with the o ther  
m a t e r i a l .  

F o r  p r a c t i c a l  ca lcu la t ions  i t  is  m o r e  convenient  to 
use  the  m e a n - i n t e g r a l  g rad ien t  of the t e m p e r a t u r e  
d i s t r ibu t ion  at the boundary of the two m a t e r i a l s ,  which 
is obtained f r o m  the equation 

R R 

( Oil ) dy ( ) 
S ox ,x o 
0 0 

(33) 

{ [n~__ 1 th~ll sinv.___~R ( l__cosv .  R) + 
b = a " In1 ~n2 

+ thl~./~ sin ~ R  I,~2 ~2 (1 --cos P~R) 1 } x 
n=l n 

~ thv~llsinv,~R (1 - -cosv~R) + • ~1(1 + hlR) I,lv~ 
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+k~(l  +h2R ) • NOTATION 

th~t~l~sinl~nR (l _ cos ~ R)] -1. (34) 

n=l  /~ 

The f igure  shows the t e m p e r a t u r e  d i s t r i bu t ion  in the 
compos i t e  r e c t a n g u l a r  r eg ion  as  ca lcu la t ed  f r o m  (315, 
(32), (345. F o r  c o m p a r i s o n  the f igure  includes  the  
r e s u l t s  of a de t e rmina t i on  of the f ie ld  oil conduct ive 
pape r  for  the  fol lowing s t a r t i n g  data:  kl = 5 �9 8W/de g .  
�9 m, a = l l . 6 W / d e g . m  2, 12 =0.2m; X2 = 0 . 2 3 2 W / d e g -  
�9 m ,  l I = 0 . 0 2 m ,  R = 0 . 4 m .  

It should be noted that  the  solut ion obtained can be 
extended to the v e r y  common p r a c t i c a l  p r o b l e m  with 
somewhat  m o r e  compl i ca t ed  boundary condi t ions .  

The p r o b l e m  can be fo rmula t ed  comple t e ly  by means  
of Eqs.  (15 and (2) with condit ions (5)-(10) and the 
following condi t ions ,  d i f fe ren t  f rom the p rev ious  p r o b -  
l em,  at the boundary  y --- 0: 

at1 ~ 1 ~  +am(tm--tx)=0 when --ll..<x ~ O , (I) 

OQ +am(tm__t2)  -~0 when O~x~12. (115 

We a s s u m e  that  the solu t ions  of Eqs.  (1) and (2) wi l l  be 
the solu t ions  for  the co r r e spond ing  infini te  p l a t e s  with 
condi t ions at the boundar ies  y = 0 (I, II) and y = R (5), 
(6) [4]: 

y + 1 

tl = t m  ~'t a m  ~ t m ,  ( 3 5 )  
1 + R_ff_ + l__ 

~Z m ~b 1 {Z 

Boundary condi t ions  (75, (85, (10) a r e  then sa t i s f i ed .  
In acco rdance  with r e q u i r e m e n t  (9), we equate (35) to 
(36). F r o m  this  equal i ty  we obtain the value  of y at 

v__ + _ L _  1 

t~ = t m ~'~ am t m .  (36) 

a m ~,z c~ 

which (35) and (36) sa t i s fy  the bas i c  equations and a l l  
the boundary  condi t ions .  At 

V = Y0 = R  
~ @ C ~  m 

the t e m p e r a t u r e  in the s y s t e m  does not depend on x 
and t 1 =t  2 =t  o =cons t .  The i s o t h e r m  t o is p a r a l l e l  to 
the s u r f a c e s  of the  p la te .  The value of t o can a lways  
be found f rom (35) or  (365. 

The defini te  pos i t ion  and known value of t h i s p a r t i c -  
u lar  i s o t h e r m  make it p o s s i b l e  to divide the c o m -  
pos i te  r ec t ang le  into two p a r t s ,  for  which the solut ion 
has  a l r e a d y  been  found in (31), (32). 

t 1 and t 2 denote the  t e m p e r a t u r e s  of the c o r r e s p o n d -  
ing reg ions  of the compos i t e  rec tangle ;  x and y a r e  

/oo 5~ 

O0 

6O 

4, 0 _ ~ ' ~ " . ~ . . . . . .  2 

-Q02 0 0.036 0.0?6 ~116 ~/56 X 

T e m p e r a t u r e  d i s t r i bu t ion  in compos i t e  r e c t a n g l e  
along x - a x i s  (t in %, x in m, y in m}: 1) y = 0.4; 
2) 0.3; 3) 0.2; 45 0.15; 55 0; a5 ca lcu la ted  by 
the p roposed  method; b) the s a m e  f rom the 

poten t ia l  f ie ld  of a model .  

coord ina tes ;  k 1 and ~2 a r e  the t h e r m a l  conduct iv i t ies  
of the co r r e spond ing  reg ions ;  a is the h e a t - t r a n s f e r  
coeff icient;  h 1 =a/;~l, h2 =a/X2; un and #n a r e  i n t e ,  
g ra l  t r a n s f o r m  p a r a m e t e r s ;  T 1 and T2 a r e  r e s p e c t i v e  
t r a n s f o r m s  of the functions t 1 (x, y) and t 2 (x, y); a 1 = 
= h l / ( 1  + hlR5 , a 2 =h~/(1  + h2R); t m is the t e m p e r a -  
tu re  of su r rounding  medium on the s ide  of the r e c t a n -  
gle  y = 0; a m is the coeff ic ient  of t h e r m a l  absorpt ion .  
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